Abstract: This paper deals with the mathematical modelling of confinement of paralic ecosystems. It is based on the recent paper [FG07] that presents a modelling procedure in order to compute the confinement field of a lagoon. Here, we improve the existing model in order to account for tide oscillations in any kind of geometry such as non-rectangular lagoons with a non-flat bottom. The new model, that relies on PDEs rather than ODEs, is then implemented thanks to the finite element method. Numerical results confirm the feasibility of confinement studies thanks to the introduced model. 
Introduction
The concept of confinement was introduced by Guelorget and Perthuisot [GP83a] in 1983. It has latter been widely used, studied, discussed and tested (see Guélorget and Perthuisot [GP83b, GP83a] [FG07] and Tagliapietra et al. [TSG09] ) leading to the conclusion that it is a pertinent parameter controlling the features of living benthic population in paralic ecosystems. Benthic species are species living on the seabed and paralic ecosystems are ecosystems encountered in estuaries, lagoons and closed bays. In all earlier works, no precise definition and no model were given to compute or measure confinement. Yet a biological indicator of confinement, based on species which are specific of each confinement level were existing and well adapted to regions where tide is weak.
Until the paper by Frénod and Goubert [FG07] it was not clear that confinement was also a controlling parameter of tide-influenced paralic ecosystems. In order to help to provide an answer to this question, Frénod and Goubert [FG07] started with the introduction of a definition of confinement usable for modelling purposes:
Definition 1. The confinement value at any point of the lagoon is the time for the sea-water to reach this point.
The reason why of such a definition is the following: evaporation process on the lagoon surface induces a water flow from the sea to the lagoon far end. All along this flow, water encounters living organisms that take a sample of nutriments. Consequently, water nutriment concentration becomes weaker and weaker, or in other words the environment more and more confined. For lagoons submitted to forcings that change with time, such as non-constant evaporation rate or tide, the notion of confinement is extended and instantaneous confinement is defined:
Definition 2. The instantaneous confinement is, at a given point of the lagoon and at a given time, the amount of time the water which is at the considered time at the considered point has spent inside the lagoon water mass.
When those forcings are periodically oscillating, which is the case for tide or periodic evaporation rate, this definition is supplemented (see [FG07] ) with the concept of effective confinement:
Definition 3. The effective confinement is the time-average of the instantaneous confinement over its oscillating period.
Based on those definitions, a model to compute confinement field in a parallelepipedal lagoon was built and implemented. This model was improved thanks to the coupling with tide oscillations, so that confinement in tide-submitted environments could be computed. Moreover developing a simplicist confinement based biological model, it was shown that zonal organization may depend on whether the paralic ecosystem is submitted to tide or not. This advocates for the
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Unfortunately methods and models of Frénod and Goubert [FG07] were only implemented for parallelepipedal lagoons, which is too restrictive in the perspective of testing the accuracy of the concept for real paralic ecosystems. The goal of this paper is to get rid of this hypothesis by building a model compatible with a lagoon with any shape and any bathymetry, with the restriction that no intertidal zones and no seabed outcrops are taken into account (see Figure 1 ). The essential difference with models of [FG07] is that, here, mathematical models are much less naive and involve Partial Differential Equations (PDEs) instead of Ordinary Differential Equations (ODEs). The approach we follow to achieve this goal consists, first, in computing the water flow induced by the evaporation process. For this, we follow a simplified fluid dynamics modelling procedure. It consists in translating into PDE language that the evaporated water is immediately replaced by surrounded water. It assumes that, at the time and space scale of interest, the water altitude can be considered as uniform and that the flow has no vortex, because of its slowness. It incorporates a non-uniform seabed such that the water level is, all over the Inria hal-00644686, version 3 -12 Feb 2012 lagoon, strictly higher than it. The procedure is brought out with a constant evaporation rate and with a variable evaporation rate. Once the water velocity is computed at any time and in any point in the lagoon, we write the transport equation associated with this field. Among other informations, this transport equation may transport time. Hence, taking definition 1 as the confinement definition, we can compute the confinement field in lagoons without tide and with an evaporation rate that remains positive for all time by solving this equation with ad-hoc boundary conditions.
In a second part, we improve the model in order to account for tide oscillations. To this aim, we consider that a solid shape (fairway) is located at the lagoon entrance (see Figure 2 ). This fairway communicates with the sea. At any time, the maximum water mass originally located in the lagoon (high tide, during ebbing tide) is actually spread between the lagoon and the fairway. Consequently, in the domain constituted of the union of the lagoon and this fairway, at any time, a varying domain containing the lagoon water mass is defined. Every computation carried out in the case without tide may be done again, with careful adjustments, on this varying domain. 2 Model for confinement in a lagoon without tide
The goal of this section is to develop a model that will allow us to compute the confinement field within a lagoon with any shape and any bathymetry which is not tide-influenced and which has no seabed outcrop. We start with the description of the lagoon geometry.
Geometrical model of the lagoon
We consider (see Figure 1 ) that the lagoon is a cylinder with base a regular, connected and bounded domain Ω ⊂ R 2 with boundary ∂Ω. This boundary is shared into Γ and Γ 0 with Γ ∩ Γ 0 = ∅. Any point in Ω is denoted (x, y). The lagoon seabed is described by a piecewise continuous function b : Ω −→ R + , where b(x, y) represents the bathymetry level at the horizontal position (x, y) ∈ Ω. The water altitude h is such that h > sup Ω {b}, exluding outcrops. In summary, the geometrical model of the lagoon writes:
(1) Figure 3 and equation (25) describe the (smooth) bathymetry that we used in our simulations, but it could be any piecewise continuous function (e.g. only defined at mesh points in realistic configurations).
The evaporation process is then modeled by a nonnegative function η = η(t, x, y) in L 2 (R + × Ω), which may depend on time and position; η is the space-time density of evaporation. In other words, if S is a measurable subset of Ω, the water quantity which evaporates through S over the time interval (t 1 , t 2 ) with t 1 < t 2 is:
Remark 2.1. In our numerical simulations (see below) we will only consider homogeneous evaporation rates (no space dependency). However, we think that a representative type of evaporation rate could be
where η 1 would be a (periodic) function of time (possibly accounting for several time scales, from tidal to multi-annual periods), and η 2 (x, y) a space-attenuation factor, representing the (possible) space variation due to a partly clouded sky, the presence of local vegetation, etc.
Model for the velocity field
The goal here is to write a PDE, set in Ω, which will allow us to compute the velocity field
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of the water inside the lagoon.
We start with the assumptions concerning this velocity field. The first assumption we make consists in considering that for the phenomenon we want to comprehend, it is enough to consider the mean velocity value over the vertical direction. Moreover, we assume that this mean velocity v = v(x, y) is purely horizontal. This justifies notation (4). Then we assume that the water movement is solely due to the evaporation process. We also assume that the process is slow enough to consider that the velocity field contains no vortex. Translating this into mathematical terms leads to
where ∇× stands for the rotational operator. Equation (5) has the consequence that v may expressed as
for a regular function ψ, called the velocity potential. Now we enter the simplified fluid dynamics modelling procedure. It consists in considering any regular subset S ⊂ Ω and any time interval (t 1 , t 2 ) with t 1 < t 2 . The amount of water which evaporates through S over (t 1 , t 2 ), which is given by (2), is simultaneously replaced by water that crosses the lateral surface of the cylinder with base S and with a lateral surface going from the border ∂S of S to the seabed, described by b(x, y), over (t 1 , t 2 ). This lateral surface writes:
The quantity of water, which is transported by v = ∇ψ, entering the cylinder through L is:
where n is the unitary vector, orthogonal to dS and pointing outward S and where dl is the Lebesgue mesure on dS, dL being dldz. Since v is horizontal and independent of z, equation (8) reads
Using Stokes formula, involving the divergence operator, equation (9) reads
As a consequence of the above statements, quantities defined by equations (2) and (10) must coincide for any S and any time interval (t 1 , t 2 ). We thus conclude:
and finally using the definition of ψ:
Equation (12) models the water flow dynamics inside the considered lagoon.
To be complete, we need to supplement this equation with boundary conditions that concern the lagoon border. As previously evoked, Γ ∪ Γ 0 is a partition of the border ∂Ω of Ω. In what follows, n(x, y) stands for the unitary vector orthogonal to ∂Ω in (x, y) ∈ ∂Ω and pointing outward Ω. The boundary Γ corresponds to the lagoon entrance, which is:
The flux entering the lagoon over a given time interval (t 1 , t 2 ) is
where ∂ψ/∂n is only a notation for ∇ψ · n. The boundary Γ 0 is the rest of the lagoon border through which no water crosses, meaning
The quantity of water evaporating from the lagoon over (t 1 , t 2 ), which writes
must compensate for the quantity of incoming water over the same period, and which is given by equation (14). Hence
where F l is a function defined on Γ such that
For the sake of simplicity 1 , we choose a function F l constant in space: F l = F l (t). Equation (18) becomes:
Remark 2.2. With such a definition of F l (t), the problem made of equation (12) and boundary conditions (15) and (17) has clearly a solution ψ as soon as b and η are regular enough. This solution is unique up to an additive constant; this non-uniqueness is not a real issue since the quantity of interest is the velocity v = ∇ψ.
As a conclusion, the vector field of the water flow inside the lagoon may be computed by v = ∇ψ where ψ is the solution to (12), (15), (17), and (19).
Equation for the confinement field
Having vector field v = (v 1 , v 2 ) given by (6) on hand, it is obvious to see that a solution g of
remains constant when following trajectories (X, Y ) having velocity v(τ, X, Y ).
To make this statement more precise, we define X = X(τ ; x, y, s) and Y = Y (τ ; x, y, s) as being the solution to the dynamical system 
Property (23) means that a solution of (20) transports information with velocity given by v. We will use this property to compute the confinement within the lagoon. The idea we follow consists in putting the correct information concerning time on the lagoon entrance, so that its transportation provides the value of the confinement in any point of the lagoon 2 . For any time t > 0 and given a sufficiently large time T , the solution g t = g t (τ, x, y) of
is such that g t (T, x, y) is the value of the instantaneous confinement (see Definition 2) at instant t ∈ R + and position (x, y) ∈ Ω. Indeed, if we consider a particle present at position (x, y) ∈ Ω at time t > 0, then this particle has travelled from the boundary Γ to its actual position during the time g t (T, x, y). As a conclusion, solving (24) with a given value of T will give the confinement field in the part of the lagoon corresponding to a confinement smaller than T . Naturally, one has to take a sufficiently large T (for instance, 100 days in a small lagoon) to be sure that the confinement map will cover most of the domain.
2.4 Numerical simulation of the confinement with a constant evaporation rate
We start with the case where the evaporation rate η is a positive constant. Since there is no time dependancy, definitions 1, 2 and 3 coincide. In this case, the fluid velocity v and equation (24) are no more parametrized by t: v(t, x, y) = v(x, y) and g t (τ, x, y) = g(τ, x, y).
The considered geometry is represented in Figure 3 . The water height represents the difference between h (which is constant) and the bathymetry b, here given by the function
Figure 3: Circular lagoon with a flat eastern entrance, and isovalues of the bathymetry. The bathymetry corresponds to (25): its maximum level is reached at the lagoon center and it decreases towards the boundary.
As reported above, the velocity field does not depend on time: we plot it (together with its potential ψ) on Figure 4 . In this configuration, the confinement field is given in Figure 5 . 
Numerical simulation of the confinement with a uniform evaporation rate
In this paragraph we assume that η is space-independent, and is periodic in time with period 1/ω. From equations (12) and (6) we deduce that the vector field v is also 1/ω-periodic in time.
Finally, since in (24) the boundary conditions are independent of t, the function t → g t (τ, x, y) is 1/ω-periodic. In this context, we will consider the effective confinement defined in Definition 3:
The computational domain and the given bathymetry are identical to the previous simulations (see Figure 3) . The velocity field is unstationnary, but one can easily check that
where v ref (x, y) is the reference velocity computed for η = 1 (see Figure 4) . In this configuration, taking η(τ ) = 1 + 0.9 cos(τ ), we plot in Figure 6 two instantaneous confinement fields.
Figure 6: Instantaneous confinements at t = t 1 (left), and t = t 2 (middle) for a time-oscillating evaporation rate. Efficient confinement (right). Due to the time oscillation of the function η, the instantaneous confinements at different times t 1 and t 2 differ. The natural notion that comes to mind is thus the efficient confinement, computed thanks to (26).
Remark 2.3. At this modelling level, we impose η to be non negative. Yet, in order to incorporate rains in the model, it could be interesting to consider that η may be negative at some times (so that the water flows out of the lagoon). Actually, we include this possibility in the coming section. Indeed, the model will account for tide oscillation, including periods where the water gets out of the domain.
Model for confinement in a tide-submitted lagoon
Now, we improve the modeling procedure in order to account for a tide oscillation in the model. Notice that the resulting model accounts neither for seabed outcrop nor for foreshore.
Geometrical setting
The lagoon interior is the same cylinder based on Ω ⊂ R 2 as before (see Figure  2) with the supplementary assumption that the seabed function b is constant, with worth b, on the lagoon interior entrance Γ, making the lagoon interior entrance a rectangle. Because of the tide oscillation, the lagoon water mass is inside the lagoon interior only at high tide of spring tide. Then, we consider a parallelepiped which horizontal lower face is called R (see Figure 2) , having one of its vertical faces located at the lagoon interior entrance and long enough to collect the lagoon water mass at ebbing tide. The length of R is l and its width is γ. The considered domain is thenΩ = Ω ∪ R and the seabed is described by a continuous function b :
For consistency with what follows, we assume that, on R, b is constant with worth b.
The water altitude is a function
where
The lagoon interior is then, at any time t,
and in order to locate the lagoon water mass at any time, we define a segment Γ m (t) parallel to the edge placed at the lagoon entrance, at a distance λ(t) and joining the edges of R, which is such that, defining R m (t) by truncating R at Γ m (t),
This insures that the lagoon water mass occupies, at any time, a space of constant volume which is
Of course we require that l ≥ max t∈R λ(t), which is achieved setting
Velocity field model
Clearly rising and ebbing tides induce a velocity field V (t, x, y) inside the lagoon water mass. We also consider v(t, x, y) the velocity field which is solely linked with the evaporation process (as in Section 2). Fields V and v are defined at all times on the moving domain Ω ∪ R m (t).
Here, we set out an equation allowing the computation of both fields V and v. We make similar assumptions on v and V as in Section 2: they are mean values of velocity over the vertical direction, they are purely horizontal and contain no vortex, so that:
It is assumed that v is solely governed by the evaporation, while V solely induces variation of water altitude h. To make this assumption precise, we consider a time interval [t 1 , t 2 ] with t 1 < t 2 and a regular subset S such that S ⊂ Ω ∪ R m (t) for any t ∈ [t 1 , t 2 ]. The amount of water which enters the cylinder of basis S and with lateral area
over [t 1 , t 2 ] is:
where n has the same definition as in the previous section. What is precisely meant above is that the first term of the right-hand-side of (35) equals
which is the volume variation over [t 1 , t 2 ] in the cylinder. The second term offsets the water quantity that evaporates through S over [t 1 , t 2 ] and which is t2 t1 S dx dy η(t) dt,
where we have assumed that the evaporation rate η is space independent. Then, using the divergence operator ∇· and formula (33), we finally get from the role distribution between V and v that
or
Equations (40) and (41) must be provided with boundary conditions. Concerning (40), using the partition of ∂(Ω ∪ R m (t)), we set that no water enters the lagoon water mass through Γ 0 (t), yielding
We also set that at all times, the water entering the lagoon water mass through Γ m (t) exactly compensates for the evaporation through Ω ∪ R m (t). This is translated into
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where f m (t) is, for each t, a constant such that
Since b ≡ 0 on Γ m , equation (44) reads:
where γ = |Γ m (t)| stands for the fairway's width. Turning now to (41), we consider λ (t) the velocity of the moving boundary Γ m (t). Clearly V equals this velocity on Γ m (t). Hence, the boundary conditions for (41) are
Remark 3.1. There is a compatibility condition for the Laplace-Neumann problem constituted of equations (41) and (46). This condition provides a differential equation for λ(t), namely:
We now recall the two boundary-value problems that model the two velocities.
For v = ∇ψ, we have
and for V = ∇Ψ, the problem writes
Remark 3.2. Since we are interested in the total velocity v + V , we could now add the two contributions and set a system of PDEs for v + V . However, we think that for the sake of clarity, it is preferable to keep the systems separate. Naturally, the numerical computations can be done separately, or not.
Domain decomposition for the velocity equations
Due to the particular shape of our computational domain, we will decompose it in two parts, namely Ω (which does not change with time), and the fairway R m (t).
Indeed, in Ω we may use the same kind of computation as in Section 2, and in the moving fairway R m (t) we will see that an explicit computation is possible, due to the simple (rectangular) geometry.
Equations for v
In the fixed domain Ω, the equations for ψ read:
where f (t) is defined as
In the moving domain R m (t), we have for ψ (let us recall that b ≡ 0 in R m (t)):
where f m is defined in (45). Actually, one can easily check that ψ does not depend on the space variable y and that we have in R m (t):
Remark 3.3. For the sake of simplicity, we have assumed that the interface Γ was located at the position x = 0.
Equations for V
We have the same type of result for the other velocity contribution V = ∇Ψ:
where F (t) is defined as
In the moving domain R m (t) where b ≡ 0, we have for Ψ:
and one can easily check that Ψ does not depend on the space variable y either, and that we have in R m (t):
Confinement field model
Equipped with velocity fields v and V , we now turn to the computation of the instantaneous confinement field at any time t < T , for a given (large) value of T , in any point of the lagoon water mass by solving:
(60b) (60c) and by computing g t (T, x, y) at any point (x, y) where it is not greater than T .
Setting the condition (60b) on Γ m (t − T + τ ) is not an easy task since this condition holds on a moving boundary. Actually, we will extend the computational domain from Ω ∪ R m (t) to Ω ∪ R and impose the condition (60b) not only on Γ m (t − T + τ ) but also beyond this boundary:
In order to satisfy (61) we will use a penalization term in equation (60a). This technique has been introduced in [ABF99] for the simulation of fluid flows with obstacles. We thus modify equation (60a) to obtain, in the new computational domain Ω ∪ R,
where ε is a positive number (to be chosen small), and χ m (t, .) is the indicator function of R\R m (t):
Thanks to (62) and the definition of χ m , one can immediately see that:
(64b) In particular, with this penalization method, equation (60a) holds in the moving domain Ω ∪ R m (t), and the boundary condition (60b) is satisfied at order one in ε. The parameter ε will be chosen chosen small enough so that (64b) ia a good approximation of (60b).
Numerical results
We consider the same geometry for the computational domain as in Section 2. The circular lagoon Ω is supplemented with its entrance fairway, as in Figure 2 , so that our numerical mesh corresponds to Figure 7 . In this domain, we compute the solution of the velocity equations (50) and (52) for the velocity v that corresponds to the water evaporation, together with the velocity equations (55) and (57) for the velocity V that corresponds to tidal oscillation. We have already mentioned (see Remark 3.2) that v and V could be either computed simultaneously or separately, which does not change the result. We also remind that solutions of equations (52) and (57) (in the fairway) can be computed explicitely (see (53) and (58)). The total velocity field v + V on hand, we can proceed to the computation of the confinement, which is done thanks to the computation of g t solution of (60), or more precisely its penalized version (62). We plot hereafter (see Figure 7 ) the total velocity field (left column) and the instantaneous confinement (right column) at different times. We draw the reader's attention on the fact that the flow may be entering the lagoon, or leaving it (see the velocity arrows). We end this section with the plot of the efficient confinement (see Figure 8) , such as defined in 3. 
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Conclusion
In this paper, we improved a previously set out method to compute the confinement field within lagoons submitted or not submitted to tide. The model is based on a elliptic PDE to compute the water velocity field induced by evaporation (and by tide, if present) in the lagoon water mass and on a hyperbolic PDE to get the confinement. A code based on the Finite Element method was implemented using the FreeFem++ software environment. In the case of tide presence, where the model is set on a moving computational domain, we used a penalization method to insure dynamic boundary conditions. Our simulations Inria were performed in a simple (circular) lagoon, but this code allows to compute the confinement in a lagoon with any geometry, excluding seabed outcrops and foreshore.
Thanks to this new model, we will shortly perform numerical simulations in a real paralic environment for which we have bathymetry and mean currents data, together with informations on species distributions allowing comparisons with biological markers of confinement.
We also plan to study the multi-scales aspects of such models. On the one hand, we project to build a two-scale numerical method to simulate long term confinement evolution. On the other hand, we want to set a cascade of models, from the Mediterranean (closed) sea to small local lagoons; this includes the implementation of a dedicated software, accounting for several modelling scales and managing hierarchical data.
